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Miscible quarter five-spot displacements in a Hele-Shaw cell are investigated by means of
experimental measurements and numerical simulations. The experiments record both the volumetric
as well as the surface efficiency at breakthrough as a function of the dimensionless flow rate in the
form of a Peclet number and the viscosity contrast. For small flow rates, both of these efficiency
measures decrease uniformly with increasing Peclet numbers. At large flow rates, an asymptotic
state is reached where the efficiencies no longer depend on the Peclet number. Up to Atwood
numbers of approximately 0.5, the less viscous fluid occupies clogetdhe gap width, which
indicates a near-parabolic velocity profile across the gap. Consequently, in this parameter range a
Taylor dispersion approach should be well suited to account for flow-induced dispersion effects. For
larger viscosity contrasts, accompanying two-dimensional numerical simulations based on Taylor
dispersion predict an increased stabilization for high flow rates, which is not confirmed by the
experiments. This suggests that, in order to extend the range of applicability to larger viscosity
contrasts, the components of the dispersion tensor will have to be amended in order to account for
the presence of quasi-steady fingers. 1899 American Institute of Physics.

[S1070-663(19901707-9

I. INTRODUCTION data for this efficiency measure at the time of breakthrough
and beyond, as a function of the viscosity contrast between
Hele-Shaw flows have long served as models for explorthe fluids. Hele-Shaw experiments for the quarter five-spot
ing the dynamics of both miscible and immiscible porousgeometry were conducted by Mahaffey al.” as well as
media displacements> While most investigations have ad- Todd and Longstaff.A more recent investigation by Zhang
dressed unidirectional flows, the quarter five-spot arrangeet al® presents both experimental and numerical results for
ment of injection and production wells represents the prequarter five-spot displacements in porous media, with good
ferred configuration for evaluating the important role of agreement between the two regarding the overall efficiency
localized sources and sinks on the flow. Already the earlyf the process. For a more complete recent review of related
porous media experiments by Caudle and Wit&mmons work, cf. Refs. 10 and 11.
et al,* HabermanrY, and Laceyet al® show how, for unfa- For miscible displacements in porous environments, it is
vorable mobility ratios, the growth of viscous fingers ad-well known that the large-scale features of the evolving con-
versely affects the sweep efficiency. The authors providgentration field are determined not only by the properties of
the fluids, such as their densities and viscosities, but also by
dAuthor to whom correspondence should be addressed. Electronic maith€ way in which the structure of the porous medium itself
eckart@spock.usc.edu affects the small scales of the velocity field. In a classical

1070-6631/99/11(7)/1705/12/$15.00 1705 © 1999 American Institute of Physics

Downloaded 04 Nov 2004 to 128.125.162.61. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



1706 Phys. Fluids, Vol. 11, No. 7, July 1999 Petitjeans et al.

Tempered glass plate tence of a Poiseuille flow profile for variable viscosity fluids
represents a simplifying assumption. At high Peclet numbers

Inlet
Flnid 1 3-way valve and for long times, their simulations show the interesting
Fluids O-ring shims result that some of the large-scale flow features become in-
1

Quarter five-spot de_pendent of the Pecl_et nl_meer, Whic_h §ugg_ests that the de-
configuration made tails of the concentration field are of limited importance. A
from O-ring material similar approach is taken in the numerical simulations of
Zhanget al®
Outlet The recent experimental observations by Petitjeans and
MaxworthyZ° as well as the accompanying numerical simu-
lations of Chen and Meibufd raise some questions regard-
FIG. 1. Experimental set-up. ing the range of viscosity contrasts for which the Taylor
dispersion model is applicable to Hele-Shaw flows for large
Peclet numbers, cf. also the results by Yang and Yoffsos
paper, Taylol investigated this flow-induced dispersion for and Rakotomalalat al?® For large dimensionless flow rates
the case of a passive tracer added to a Poiseuille flow in and strong viscosity contrasts, the Stokes flow simulation
tube. He showed that, even in the absence of molecular difesults of Chen and Meibufyshow that miscible displace-
fusion in the streamwise direction, the flow resulted in anments in a two-dimensional gap result in the development of
error function profile of the concentration averaged over thea quasi-steady state, which is characterized by a finger of the
tube’s cross section. Thus, the convective motion of the fluidess viscous fluid propagating along the centerline of the gap.
is seen to affect the large-scale features of the averaged colm a reference frame moving with the tip of this finger, the
centration profile in a fashion that is somewhat similar to aconcentration field in the vicinity of the front then remains
diffusion process. This result was employed by Mahaffeynearly constant. For this flow, the velocity profile across the
et al’ in order to compare the effects of diffusion in their gap is quite different from the parabolic shape assumed by
Hele-Shaw experiments to those in a large-scale field applifaylor and Horne and Rodriguez. The temporal and spatial
cation. Horne and Rodrigu&zapplied Taylor's approach to evolution of the concentration profile averaged over the
Poiseuille flow in a plane channel and arrived at a similartube’s cross section thus proceeds in a distinctly different
result for this geometry. An overview of the relevant mecha-fashion from the spreading error function found by these
nisms resulting in dispersion is given by Brady and K&th. authors. For smaller viscosity contrasts and at lower values
In a typical miscible porous media displacement, this flow-of the Peclet number, on the other hand, such a quasi-steady
induced dispersion process plays a dominant role in estalstate never develops, and the velocity profile is approxi-
lishing the concentration front thickness, and thereby detemately of Poiseuille shape. Hence it will be of interest to
mines the length scales of potential instabilities that cameassess, through a combined experimental and computa-
evolve as a result of unfavorable viscosity or density graditional effort, the parameter range in which the Taylor disper-
ents. It is hence crucial that theoretical and numerical analysion model is applicable to miscible displacements in a Hele-
ses of such displacements account for this effect. In largeShaw cell. This will be a primary goal of the present
scale simulations, this usually cannot be accomplished in mvestigation.
straightforward way, i.e., by resolving the flow at all length A final point of interest for miscible displacements con-
scales, since the large scales of the displacement are taerns the potential importance of additional stresses near the
disparate from the pore scale. Consequently, the effects aoncentration front that are not accounted for by the Navier-
flow-induced dispersion on the overall flow need to be mod-Stokes equations. Such stresses were first postulated by
eled. Based on the early work by Peaceman and Rachford,Korteweg?* but subsequently were given little attention.
the numerical simulations of Ewinet al® hence employ a More recently, the investigations by Dasas well as by
velocity-dependent dispersion tensor, with empirically deterJoseph and collaboratotdosep!f® Joseph and H&, Joseph
mined values for the longitudinal and transverse dispersioand Renard$?), have placed a renewed emphasis on this
coefficients. Yortsos and Zeybékjn their investigation of topic, as they raise the possibility of an effective surface
the effects of dispersion on the stability of rectilinear dis-tension in miscible fluids, cf. also Petitiedhand Petitjeans
placements, use a simple model first suggested by Bear.and Kurowski*® In the context of comparisons between ex-
Surprisingly, they find dispersion to be destabilizing at shoriperimental and numerical observations, this topic is dis-
wavelengths. Zimmerman and Hom3®y present two- cussed by Chen and Meibdfgas well as by Petitieans and
dimensional, fully nonlinear spectral simulations of rectilin- Maxworthy2°
ear miscible porous media displacements involving a  The outline of the paper is as follows. In Sec. Il we will
velocity-dependent dispersion tensor whose components diescribe the Hele-Shaw cell and the miscible displacement
not involve any empirical constants. Instead, the authorgxperiments conducted in it. The experiments will be ana-
make use of the results by Horne and Rodridti@zorderto  lyzed both by means of flow visualization as well as by
establish the required relationships between the tensor corseveral quantitative measures related to the sweep efficiency.
ponents and the local velocity field. While suggesting thatin Sec. Il we will present numerical simulation results for
this approach is appropriate for both porous media and Helemiscible quarter five-spot flows in a Hele-Shaw configura-
Shaw flows, the authors do point out that assuming the exigion, obtained with a Taylor dispersion model based on

Downloaded 04 Nov 2004 to 128.125.162.61. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



Phys. Fluids, Vol. 11, No. 7, July 1999 Miscible guarter five-spot displacements 1707

TABLE |. Parameters of experimental runs.

Fluid 1 (more viscous Fluid 2 (less viscous At M
Mixture, cg=42.7% water+ dye 0.537 3.32 I
Mixture, c4=49.3% water+ dye 0.635 4.48
Mixture, cy=66.4% water+ dye 0.848 12.2
Mixture, c5=96.0% Mixture,cq=76.9% 0.848 12.2 e - e L e
Mixture, c;=82.9% water+ dye 0.982 110
Mixture, cg=90.5% water+ dye 0.987 153

Horne and Rodriguez's results, cf. Ref. 19. Some interest-

ing features of this model will be pointed out, and their effect
on the simulation results will be discussed. Finally, in Sec.
IV we will discuss the experimental and numerical observaFic. 2. Example of the development of the instability at six different times,
tions, in order to obtain information regarding the validity of up to the timete,q of breakthrough. Here, a water-dye mixture displaces a

the Tay|0r dispersion model for Hele-Shaw displacements. glycerin-water mixture of concentratiary=66.4%. The Atwood number is
0.848, and the Peclet number has a value of approximately 13 500. The

numbers in the upper right corners of the picture indicate the video frame.

t= 4tend/6 t = 5tend/6 t=tend

Il. EXPERIMENTS

A. Setup two fluids. For some of the results to be discussed below, it

. , . will be advantageous to represent various quantities as a
The experiments are conducted in a horizontally ar+ . ion of the viscosity ratio

ranged, circular Hele-Shaw cell formed by two 1.9 cm thick,
tempered glass plates of 68 cm diamdteég. 1). Under the M1
moderate pressures applied in the current experiments, these M= E 2
plates do not exhibit any significant bending, and a constant
gap widthd=0.61 mm is maintained with high accuracy. An instead of At, which is why Table | provides the values of
O-ring is employed to seal the gap and establish a quartdtoth of these parameters for the experiments.
five-spot configuration of side length=100 mm within the For each fluid combination, a number of experiments are
central portion of the cell. Additional short O-ring segmentsconducted, at flow rates ranging from 02260°° to 392
are uniformly distributed along the circumference of the cellx 10~% cnv/s. The Reynolds number, formed with the gap
in order to further minimize bending of the plates. The fluid width and the viscosity of the less viscous fluid, varies be-
enters the cell through a 0.4 mm diameter hole at the centdéween 102 and 10, so that for all but the largest flow rates
of one of the platesin one corner of the quarter five-spot inertial forces can be neglected. In this way, a wide range of
geometry, and exits along its entire circumference. The exitPeclet numbers Pe is covered, where we define
frgm the quarter flv'e—spot arrangement consigta @ mm Pe=Q/27dD. 3
wide gap in the O-ring.
The Hele-Shaw cell is initially occupied by the more Here Q denotes the volumetric flow rate, afi represents
viscous fluid, in this case a glycerin-water mixture. The lesghe average coefficient of molecular diffusion. The factor of
viscous fluid, a water-dye or glycerin-water-dye mixture 24 is introduced to be consistent with the linear stability
with a smaller concentration of glycerin, is injected at a con-analysis by Tan and Hom$yfor radially symmetric base
stant, and well controlled flow rate, by means of a glasglows, as well as with the numerical simulations of quarter
syringe and a syringe pump. A three-way valve, which at théive-spot displacements by Chen and Meibdifdand Pank-
beginning of the experiment switches from injecting thejewitz and Meiburg®® The experiments are recorded on
more viscous fluid to its less viscous counterpart, is locategideo tape for further analysis. For each experimental run,
very close to the inlet of the cell, in order to avoid any the timet,,qis determined, at which the injected fluid first
mixing of the fluids before they enter the cell. Experimentsreaches the exit of the quarter five-spot configuration. Data
are conducted for the fluid combinations listed in Table l.will be presented both for the volumetric efficienay,
Here, c;=x% indicates a glycerin-water mixture with a =v,/V,,, as well as the surface efficienay,=S, /S at
mass concentration of glycerin &P6. As dye we use ama- preakthrough. Her&/, indicates the injected volume of the
ranth, which in the present small concentrations does ndess viscous fluid at..g, While V., represents the total vol-
affect the viscosity or density of the mixture. The Atwood ume of the cell {/,,;=6.1 cn?). S, denotes the normal pro-
number jection of the region occupied by the less viscous fluid at
s time tgng, While Sg is _the surfa(_:e area of th_e_ cell
At= (1) (100 cnf). The mean ratio of the thickness of the injected
M1t 2 fluid layer b to the gap widthd can be calculated als/d
represents the dimensionless viscosity difference between the 7,/ 75y,
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FIG. 4. Surface efficiencyyg, (*) and volume efficiencyp,, (O) as a
function of the Pe for five different At values. The square symbols were
obtained from the simulations of Chen and Meib@Rgef. 10. Graphs(c)

and (d) correspond to the same At, but the different fluid combinations of
Figs. 3a) and 3b), respectively.

Pe=1166

is demonstrated in Figs.(@ and 3b). The differences be-
tween these two figures, which both have=&t848, will be
discussed below. A trend towards the growth of more and
narrower fingers for increasing Pe is clearly visible in these
figures, in agreement with the numerical simulations of Chen
and Meiburgt® which did not account for the effects of flow-
induced dispersion. For relatively low Pe valies10 000 in
the experiments shown in Fig(a8], only a few, wide fingers
develop. For very large P2(40 000), on the other hand, the
experiments depicted in Fig(&®, as well as additional ones
not shown, suggest that the flow becomes largely indepen-
dent of Pe, with both the number of fingers and their shape
remaining nearly constant. An interesting observation con-
FIG. 3. (a) Fingering patterns at the breakthrough timg, for different cerns the dark, drop-shaped form of the tips of the fastest
Peclet numbers. A water-dye mixture displaces a glycerin-water mixture ofingers at these large Pe, which indicates that the gap-
concentrationc,=66.4%. At=0.848.(b) Fingering patterns at the break- averaged concentration of the less viscous fluid is higher
through tima?ndfor different F_’eclet numbers. Aglycerin—w_ater—dye mixture there than in those finger sections behind the tip. There ap-
of concentratiorc,=76.9% displaces a glycerin-water mixture of concen- . . . .
tration c,=96%. At has the same value as(. pear to be t_wo po';entlal explanapons for this phenomenon:
Either the finger tip could be thicker than the rest of the
finger, i.e., the finger could have developed a bulge at the tip,
perhaps due to an effective surface tension, cf. also the dis-
cussion below, or it could contain higher concentrations of
As a representative example, Fig. 2 shows the temporahe less viscous fluid. For some vertical flow configurations,
evolution of the flow forAt=0.848 and Pe13500. We ob- and in the presence of density differences, the simulations of
serve the development of a viscous fingering instability al-Chen and Meiburd! as well as the experiments by Petitieans
ready during the early stages of the displacement. The gronand Maxworthy® for displacements in a capillary tube or a
ing fingers remain in competition for a certain time period,two-dimensional gap, display more intense mixing behind
until a dominant structure evolves along the main diagonalthe finger tip than at the tip itself. However, it is not clear if
which eventually leads to the breakthrough of the less visa similar mechanism can occur for horizontal flows, or for
cous fluid. The influence of Pe on the emerging flow pattermegligible density differences.

Pe=5978

Pe =22230 Pe =43 690 Pc‘= 59476

B. Results
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FIG. 5. Asymptotic surfac€*) and volumeO) efficiencies as a function of
At, for very large Pe. The value for AtO was obtained on the basis of the
potential flow results by Morel-SeytouRefs. 33 and 34

More quantitative information is presented in Fig. 4,

which depicts the volumetric and surface efficiencies as

functions of Pe for five different At values. For the two

smallest viscosity contrasts, the flow rates could not be re-
duced to values low enough to result in small Pe numbers.

However, in the experiments for larger At, two distinct pa-

Miscible guarter five-spot displacements 1709
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rameter ranges can be identified: For small Pe, the efficierriG. 7. Ratio of the average thickndssf the less viscous fluid layer to the
cies decrease with increasing Pe, while for large Pe thegap widthd, as a function of Pe, and for the six fluid combinations of
asymptotically approach a constant value that depends on At% 4.

only. The results of the two-dimensional simulations by

At

0.537

0.635

0.848

0.982

0.987

small Pe

intermediate Pe large Pe

FIG. 6. Fingering patterns at breakthrough for the five different Atwood

Chen and Meiburd? for which 7,,= 7s,, are plotted as
well, and perhaps surprisingly, they agree better with the
experimental data for the volumetric efficiency than for the
surface efficiency.

Figure 5 shows the asymptotic efficiencies for very large
Pe vs At. The values for AtO are based on the analytical
potential flow results of Morel-Seytodk> for the surface
efficiency, along with the relationshig,q = %7, for Poi-
seuille flow in the gap. These asymptotic efficiencies de-
crease uniformly with At, with the ratioy,q / s, declining
as well.

Figure 6 depicts the flow at,,q for small, intermediate,
and large Pe and five different At values, respectively. The
general trend is towards a more unstable flow evolution as At
increases. However, it is interesting to note that the radius of
curvature at the finger tips tends tocreasewith At, i.e.,
with increasing concentration differences between the two
fluids. In fact, for the largest At values the fingering patterns
resemble those more typically observed immiscible
flows 3% This behavior perhaps points towards the presence
of additional stresses due to the large local concentration,
viscosity, and density gradients, which may introduce an ef-
fective surface tension between the miscible flftig®3°
Regarding this issue, cf. also the discussion by Chen and
Meiburg?! the determination of an effective surface tension
coefficient by Petitieans and Maxwortfy,and the direct
measurement of such a coefficient by Petiti¢dns.

The ratio of the average thickness of the less viscous
fluid to the gap width, obtained frotwd= »,4,/ 75y, IS plot-
ted in Fig. 7. As expected, this ratio approaches an

numbers of Fig. 4, and small, intermediate, and large Pe values, respe@SYMmptotic value for large Pe, which is shown in Fig. 8 as a

tively. The less viscous fluid in all cases is a water-dye mixture.

function of At. The result o for At=0 is obtained theoreti-
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FIG. 8. Asymptotic thickness ratio/d as a function of At for large Pe. Also

plotted are the two-dimensional Stokes simulation results of Chen andr!G. 9. Normalized viscosity as a function of the normalized concentration
Meiburg (Ref. 23, as well as the data obtained by Rakotomatdlal. (Ref. for the two different fluid combinations of Figs(88 and 3b), which gave

23) via lattice gas simulations. The value for= is obtained by assuming fise to identical At values.

Poiseuille flow. Also shown is the computational result of Reinelt and Saff-

man (Ref. 27 for immiscible flow at large capillary number and At.

Note: The theoretical and numerical results for rectilinear displacements. sijdered. One possible reason for the observed discrepancy

may lie in the different density contrasts of the two fluid

pairs, which could trigger gravitational effects. In Figag
cally by assuming Poiseuille flow in the gap. For<4.5, the densities are 1.17 g/énfor the more viscous, and
this ratio appears to remain nearly constant at a valug of 1 g/cn? for the less viscous fluid. In Fig.(8), on the other
while it declines to almost 0.5 as Atl. The Stokes simula- hand, the respective densities are 1.25 and 1.2 3/bmrthe
tion results of Chen and Meibufg, plotted in the same horizontal Hele-Shaw cell arrangement, one of the interfaces
graph, show good agreement with the experimental data, derming between the two fluids hence is subject to a gravi-
do the values obtained from lattice gas calculations by Ratational instability. In our case, the more viscous fluid always
kotomalalaet al?® This suggests that up to values of At is also the heavier one, so that the upper interface is gravi-
~0.5, the character of the flow in the gap is approximatedationally unstable. The evolving instability leads to the for-
well by a parabolic velocity profile, so that the assumption ofmation of streaks in the direction of the flow. This effect has
Taylor dispersion should be valid in this parameter regimealso been observed by Kurowski and Oberridevho found
This agrees with the results of Chen and Meibtirgho find  the wavelength of the instability to be on the order of the gap
that for such relatively small viscosity contrasts a quasi-width of the Hele-Shaw cell. In the context of sedimenting
steady finger does not develop, and that the velocity profilefows, corresponding results are reported by Charidi@his
remain nearly parabolic. A near-parabolic nature of the vegravitational instability promotes more intense mixing be-
locity profile across the gap for Atwood numbers up to ap-tween the two fluids along the upper side of the finger. As is
proximately 0.5 is also suggested by thyg, value for At  evident from Fig. 7, however, the effective thickness of the
=0.537, which is still near the value of 0.718 that holds ifless viscous fluid remains unaffected by this enhanced mix-
the gap-averaged velocity field is irrotatiofaf* The result  ing. Consequently, the results for the surface and volume
obtained by Reinelt and Saffminfor immiscible flow at efficiencies suggest that the enhanced mixing effectively
At=1 and large capillary number is plotted as well. Interestdeads to a smaller viscosity contrast, which in turn results in
ingly, the results for immiscible flow at high capillary num- improved efficiency values at breakthrough.
ber and for miscible flow at high Pe do not seem to converge  Another possible reason lies in the different shapes of
towards the same value as-Al. This is different from the the viscosity profiles as a function of concentration, shown in
axisymmetric case, for which we found good agreement ofig. 9. Here the concentrations are normalized in such a way
these two limit$! The determination of an effective surface that the displacing fluid correspondsae: 0 and the resident
tension for the miscible flow by Petitieans and Maxwofthy fluid to c=1, respectively. The viscosities are normalized by
had been based on this agreement. that of the displacing fluid. However, this effect should not

We now return to the differences between the resultde significant at large Pe, when the concentration boundary

shown in Figs. 3 and 4 for identical At values, but differentlayers are quite thin. This is confirmed by Stokes flow simu-
fluid combinations. In Fig. &) water (w,=1 cP) displaces lations we conducted for miscible flows in a two-
a glycerin-water mixture oft;=12.2 cP, while in Fig. @) a  dimensional gap, corresponding to the earlier results reported
glycerin-water mixture ofx,=29.4 cP displaces a more con- by Chen and Meiburd! Even for moderate Peclet numbers
centrated glycerin-water mixture @f;=357.5 cP. The dif- of O(2000) and At0.905, these simulations gave the simi-
ference in the asymptotic surface and volume efficiency valtar values forb/d of 0.58 for an exponential viscosity-
ues obtained for these two fluid pairs is too large to beconcentration relationship, and 0.60 for a linear relationship.
explained by random variations between individual experi-A further possibility concerns differences in the molecular
mental runs. It hence demonstrates that Pe and At are ndiffusion coefficients. In the case of water displacing a
sufficient to fully describe the experimental observationsglycerin-water mixture ot,=66.4%, the average coefficient
and that other, potentially important effects need to be conef molecular diffusion is approximately 16 cm?/s. For the
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FIG. 10. The critical Pe value, beyond which a fingering instability is ob- tjon of Pe, for At=0.848.

served, as a function of the viscosity ratio.

with our measurements for large Atwood numbers, and in
; . . the asymptotic Pe regime. For smaller At values, the agree-
places a m?ge V'SCOZ%S glycerm-wa_ter mixturecgt=96%, ment is less satisfactory, as Zhaatyal. record efficiencies
D_=_1._2>< 10 . cn/s.” However, this ef_fect should not_ b.e_ significantly larger than ours. Possibly their experiments do
significant either at large Pe values. Finally, the pOSSIbIlItynOt yet fall into the asymptotic Pe regime. Habermahn's

needs tr? be mentlone? ;%a;;ge obscke)rvedl dls((j:repahnmes bS)Zperiments were conducted in a quarter five-spot configu-
tween the two cases of AD.848 may be related to the ad- 4iio for an artificially consolidated sand model. For large
ditional stresses at the miscible interface referred to aboveAt values, their recorded volumetric efficiencies agree well
i.e., an effective surface tension between the two fluids. with ours, while for smaller Atwood numbers again there are

As mentioned in the Introduction, there are several In'signiﬁcant differences. Regarding the surface efficiency,

vestigations in the Ilterature; with which we Cagn cOmMpare OUlhere are differences across the entire spectrum of At num-
measurements. The experiments by Zhahgl” were car-

. i . ) bers. Mahaffey’set al.” experiments were carried out in
ried out in a relatively thick, saturated, homogeneous quarten . io_shaw cells of two different gap widths. The authors’

five-spot Hele-Shaw cell packed with beads. The flow VisU<a¢, for the volumetric efficiency at breakthrough as a func-

alization pict_urgs presented in their paper are quite S"T'”ar Qion of At are in good agreement with our asymptotic values.
ours, for S'm"af At range, althoug_h the tips C.)f Fhe fingers A final interesting point concerns the preferred wave-
3re Tut(;]h mtc:re cwculfat; m;ur expegmlen;sr; This IIT El’_rﬁbab:nength \ selected by the fingering instability in Hele-Shaw

ue o the absence ot beads in our riele-shaw cell. 1he vo l‘Hisplacements. This question has been addressed extensively

metric efficiency as a function of At is in good agreement; past, e.g., by Park and HorfSypPatersorf! and
SchwartZ*? A review of these earlier pertinent experimental

case in which a glycerine-water mixture of=76.9% dis-

o Ld{A=0.635) and theoretical results is provided by MaxworfiyAddi-
o Ld(A=0.848) tional light has been shed on this issue by the more recent
o Lid(At=0.982))
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FIG. 11. The preferred wavelength of the observed fingering instability

varies between approximately four and six times the gap width, and iFIG. 13. The dominant finger width at the time of breakthrough, as a func-
largely independent of Pe and At. tion of both Pe and the viscosity ratio.
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FIG. 14. Pgp as a function of Pe, for the two different aspect ratio values of

Petitjeans et al.

summarizes the data for the dominant finger width as a func-
tion of both Pe and the viscosity ratio.

lll. NUMERICAL SIMULATIONS

In this section, we report on numerical simulations of
quarter five-spot displacements that account for flow-induced
dispersion by applying the approach taken by Zimmerman
and Homsy® in their simulations. Some interesting features
of the underlying dispersion model will be pointed out, and a
comparison of the numerical results with the above experi-
mental measurements will provide information regarding the
parameter range over which it is applicable to miscible, vari-
able viscosity Hele-Shaw displacements involving fluids of
different viscosities.

A. Taylor dispersion model

Zimmerman and Homsy propose to account for flow-
induced dispersion by formulating the concentration equa-
tion in terms of a velocity-dependent dispersion tenBor
whose components are evaluated on the basis of the classical

€=0.006 and 0.015. The characteristic velocity is assumed to have a valu&aylor dispersion results obtained by Horne and ROdribeueZ

of 2.

for Poiseuille flow in a two-dimensional gap. The concentra-
tion equation thus takes the form

work of Lajeunesset al**4° on vertical miscible displace- a_CH].chv.(D Vo), 4

ments in Hele-Shaw cells. These authors observe that above

a viscosity ratio of approximately 1.5 there exists a criticalyhereD is of the form

displacement velocity, beyond which the interface develops

a three-dimensional instability with a preferred wavelength D=R*D;R, ®)

of about five times the cell thickness. Snyder and “fait 17u v

study gravity currents of a less viscous fluid into a more R= — } (6)

viscous one in a Hele-Shaw cell, and they observe a pre- ull=v u

ferred wavelength of the frontal instability of approximately D O

twice the current height. D,= , (7)
In analogy with the rectilinear displacements studied by 0 D,

Lajeunesset al,***°the present experiments in the quarter o q2u2?

five-spot geometry demonstrate the existence of a viscosity Dj=D+ 945 D ,=D. (8)

ratio dependent critical dimensionless flow rate, beyond

which the displacement process develops a threeHereU is the velocity at the center of the gap, abdepre-
dimensional instability, cf. Fig. 10. The data furthermoresents the molecular diffusion coefficientandv denote the
suggest that above a viscosity ratio of approximately 12, th€artesian velocity components. In the flow direction, the
displacement is unstable at all values of Pe. In agreememvolution of the concentration profile is determined by the
with earlier observations, both by us as well as by othelongitudinal dispersion coefficieri?|, which represents the
authors, the dominant wavelengthof the observed instabil- superimposed effects of molecular diffusion as well as Tay-
ity is found to be between four and six times the gap witith lor dispersion. In the direction normal to the flow, the trans-
independent of the viscosity ratio and the dimensionless flowerse diffusion coefficienD, accounts for only molecular
rate, cf. Fig. 11. Interestingly, however, this preferred wave-diffusion. Questions regarding the range of applicability of
length observed at small amplitudes of the instability doeghis approach arise because Tayldfss well as Horne and
not necessarily determine the dominant widttof the fully ~ Rodriguez’s:® work assumes constant viscosities, so that the
developed fingers seen at later times. Figure 12 presents ddtaw is of Poiseuille type everywhere. In the presence of
for A at the time of breakthrough, obtained from the experi-strong viscosity contrasts and at high Pe values, on the other
mental video frames, as a function of Pe, for the viscosityhand, the work by Petitieans and MaxworffyChen and
ratio of 12.2. It shows that for small Pe, the finger width Meiburg?* Yang and Yortsoé? as well as Rakotomalala
decreases uniformly with increasing flow rate, and it reachest al?® indicates that the velocity profiles can be quite differ-
its asymptotic value of about six times the gap width onlyent from Poiseuille flow.

above Pe-4x10%. Figure 13, which is obtained by cross- The above model for flow-induced dispersion gives an
plotting figures such as Fig. 12 for different viscosity ratios, effective Taylor dispersion Peclet numberpe
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Pe=200 Pe=800

Pe=4,000

0.8
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R=2.5 at t=0.275
€=0.015

FIG. 15. At=0.848,¢=0.015, andt=0.275 for all frames(a) Fingering configuration for Pe200 (Pgp=186). (b) Pe=800 (Pgpr=361). (c) Pe=1200
(Perp=320).(d) Pe=4000 (Pgp=127).

o) Pe ning several orders of magnitude. Consequently, we can take
Pep= = , (9)  this value of 2 as a characteristic one for the dimensionless
2mwdD 2 o
1+ ——Pe&e2(u?+v?) velocity, in order to relate Pe to a globally relevant value of
945 Pep. Hence, for sufficiently low Pe we have Re-Pe,

where e denotes the ratio of the gap width and the sidewhile large Peclet numbers result in{Bel1/Pe. Thus there
length of the quarter five-spot arrangement. Since it depend®Xists a value PePe,

on the dimensionless velocity magnitude, fevaries

throughout the flowfield. However, along large sections of 945

the diagonal, where Taylor dispersion effects are strongest, P€ = TV N (10
the dimensionless fluid velocity in all simulations is on the 2e°(u™+v%)

order of two, without much variation for different At or Pe . . .

values. This weak dependence of the dimensionless velocif®" Which Pép attains a maximum value

on Pe and At is confirmed by Fig. 4, which shows that the

efficiencies do not change by more than a factor of approxi- _E 11
mately two for different At values, and Peclet numbers span- €romax="5"- (1)
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Pe=1,200 Pe=2,800

Pe=800

R=2.5 at t=0.275

FIG. 16. Fingering configuration fofa) At=0.848, e=0.006, Pe=1200 (Pgp=834). (b) At=0.848, ¢=0.006, Pe=2800 (Pgp=826). (c) At=0.848,
Pe=800, no Taylor dispersioffrom Ref. 10.

In the following, we will discuss properties of the Taylor value of e results in Pe-Pep=186. Consequently, a stable
dispersion model by preser_mng numerlcal result_s fo_r severglont evolves[Fig. 15a)] that is very similar to the one ob-
values of Pgy, corresponding to different combinations of gepeq for Pe-200 in the absence of Taylor dispersidnf

Pe ande, and comparing them with the experimental obser-Pe is increased to 800 and 1200, respectively, a single front

vations described above. For details regarding the numerIC%lplitting event takes place. Interestingly, this splitting occurs

method, which is based on a combination of Spewaatasomewhailater time for Pe=1200 than for P& 800, cf.

method§’ and compact finite differencé8we refer to Ref. <. ek . .
49. As in our earlier simulations, an exponential relationshipF'gS' 18b) and 1%c). This indicates th":,lt the dlsplacgment IS
ore stablefor the larger Pe value. Figure 14 provides the

between concentration and viscosity will be assumed, anl’ " . ‘ )
the starting time for the simulations is held fixed at a dimen-€XPlanation for this observation, as it shows thatde
sionless value of 0.02, when a radially symmetric concentraf®aches a maximum of about 362 for 5. It subse-
tion profile is prescribed. For further details, cf. Refs. 10 andduently decreases for increasing Pe values, so that for Pe
11. At=0.848, which corresponds to a value RE=2.5 in =800 and 1200, we have f#¢=361 and 320, respectively.

those earlier simulations. For Pe=4000, we get Pg =127, which again results in a
stable front, with a concentration profile that is fairly thick
B. Results near the diagonal, cf. Fig. 1&. While the frontal shapes for
As a first step, we consider displacements for an asped?e=200 and 4000 are quite similar, there is a fundamental
ratio e of 0.015. For Pe200, Fig. 14 indicates that this difference between these two stable cases. For the lower Pe-
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light of the experiments described above. Assuming the Tay-

163 o —>Pe| 6 % lor dispersion model is applicable, we can define a global
“J ‘ Taylor dispersion Peclet number-Bdor the experiments on
“ _ the basis of a characteristic dimensionless velodity
i 3 T [Perp > Vabef =2Y241.2/Qtgpnq. Figure 17 shows the values of PefPand
gﬁ ] n Perp /Perpmay for the experimental runs. It confirms that, for
f 1 *’N the larger At values, the experiments cover both of the re-
R () R s Y gimes described above: For relatively small Peclet numbers,
T | Nsin, o (ocvaon) detetas i (e =08%) x they fall into the range where Re—Pe, whereas the large
1 |2 Acoser Peclet number runs follow e;p=1/Pe. However, for these
0-001 DA AN E e e o T large At values the experiments do not show that the flow
0.1 1 10 100

becomes more stable with increasing Pe, as the numerical
results had suggested. This confirms what we suspected on
FIG. 17. Pgp/Perpma as a function of Pe/Pe for all experiments. The the basis of Figure 8, namely that for Hele-Shaw flows at
solid lines indicate the respective asymptotic behaviors at very large and darge Peclet numbers, Taylor dispersion represents a good
small Pe/P&. For_the larger At values, the experimental parameters covergpproximation to the evolution of the gap-averaged concen-
both of those regimes. tration profile up to A&0.5, but not beyond. In order to
extend the range of validity of the dispersion tensor to larger
clet number, molecular diffusion dominates over flow-At values, its components will have to be modified to ac-

induced dispersion. An analysis of the velocity field in the COUnt for the formation of the quasi-steady fingers reported

neighborhood of the front near the main diagonal shows thaty _Petitjleans and Maxwo_rjcﬁ?/ as well as Chen and
the front is compressed by the local strain field in this region,Me'burgz under these conditions.
resulting in a fairly steep concentration profile. Along the
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