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Reminder: structure of deflagration USCViterbi

School of Engincering

2000K

Reaction zone

Direction of propagation

Product

concentration

> Speed relative to unburned gas =S

JTemperature

Reactant
concentration

300K

Turbulent premixed flame
experiment in a fan-stirred chamber

Distance from reaction zone

[

Convection-diffusion zone

| d=o/S =0.3-6mm

(D. Bradley, Leeds Univ.)

Flame thickness (8) ~ a/Si
(o = thermal diffusivity)

» Temperature increases in convection-diffusion zone or preheat zone
ahead of reaction zone, even though no heat release occurs there, due
to balance between convection & diffusion

» Temperature constant downstream (if adiabatic)
» Reactant concentration decreases in convection-diffusion zone, even
though no chemical reaction occurs there, for the same reason
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Structure of deflagration USCViterbi

School of Engineering

» Recall for infinitely thin reaction zone, the temperature profile is an
exponential with decay length = flame thickness /S, ; for flow from
left to right (in +x direction):

T(x)=T_+(T,—T.)e" (x<0) _dr| ar| _ (T,mT) ok
T(x)=T,, = constant (x >0) dx| . dx| o § 7 p.Cs,
» Similarly for fuel mass fraction
Y= (1-¢"") (x<0)| _ay dy Y
=— -—-— =+-—ZLe
Y(x)=0 (x>0) x|, dx|_, 0

» But how to calculate burning velocity? With reaction term:
dr  k d'T q'" E
— = pQ,ZY
“ax o, e pc, 1 TP eXp(sRTj

dr  d’T E
pu=p_S, =const.= p_S,C,— T —k I = pQ,ZY, eXp[EKTj

Note that Z is not the usual one based on molar concentrations, but
rather based on fuel mass fraction (units of Z = 1/time)
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1D laminar premixed flame - formulation USCViterbi

School of Engincering

~ T T
Define 7T'(x) = ——= I(x)- JY(x )_ o= k ,i:f,ﬂzL,gz_w
T,-T, Y/w p.S.C, o RT, T,

Note C,(T=7.)=(Y, - Y,)Q, and C,(T,,~T.) =Y, 0, = T(x)=1-¥(x)

I Ll it WL/ PR A -
gy Cad T -1 7Y R(T(1,-7.)+T.)
dt 4T . —E
=pS,Co ks pCszeXp[ (7(z, —T)+T)]
ad Ld et
~ 2"’ C Z - f—
?_ k d_fz Per (I—T)exp £
X prLCP dx prLCP RT T M +L
ad Tad Z:zd

- :A(l—f )exp = i A= i - burning rate eigenvalue
T(1—£)+£ p.C,S;
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1D premixed flame — numerical solution USCViterbi

School of Engineering

» Boundary conditions: x=-o, T=0; x=+x, T =1

» Cold boundary problem — reactants occurs even at x = -~, so
are already completely reacted by x = 0, so need to assume
finite domain with non-zero dT/dx slope at inflow end
(equivalent to assuming a small heat loss at cold boundary)

» Can’t assume dT/dx = 0 at cold boundary, reaction is too slow
at T =0 and would take enormous domain to reach flame front

» Need to see how different values of dT/dx at cold boundary
affect solution
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1D premixed flame — Euler method USCViterbi

School of Engincering

» x =0 is cold boundary (T = 0), assume small but finite dT/dx
» “Guess” eigenvalue A

d’T dT -B
AT _A(1-0)exp| —L2
dx? dx ( )exp(0(1—5)+£)

x=0 X=0

» Fixed grid spacing Ax, at every subsequent grid point use

Euler's method (often unstable; may need methods with higher-
order accuracy, e.g. Runge-Kutta) to estimate derivatives:

X, =X +A)Z;7~"M—T+—T AX
X |
T 7|  d'T T T ) -
afl a7 T e
x|, ~dx| dx | dx|,, ! Z+1(1—8)+£

» Does T > 1as x> +=? If not, adjust guess for A
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USC Viterbi

School of Engineering

1D premixed flame — results

For typical p =10, =0.2 dT/dxatx=0| A (Euler) | A (Runge)
with Ax = 0.01 0.001 896439 868026
0.0001 894518 866203
0.00001 894326 866021
1.2 1.8
—— Temperature :’: H 116
T} ---Reaction rate ! i 114
9038 1122
5 2
E 0.6 R
‘é’. {083
Lo4 f los6z
{04
0.2
{1 0.2
0 r — L 0
0 5 10 15 20

Distance (x)
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1D premixed flame — numerical solution USCVlterbl
» Why is A so big, nearly 108?
A= k2 = = k/p.C,S, Z= iZ = (Flow time across flame zone) X (Chemical rate)
pooCPSL SL L

» ... but chemical rate at flame temperature isn't Z, it's
~ Zexp(-E/RT,y) = ZeP

» ... and active zone for chemical reaction isn’t all of flame
thickness 8, it's only the zone near the hot boundary of
thickness ~ 6/p

» ... and fuel concentration in reaction zone isn’t Y, it's ~ Y/

» ... so we expect AeP/B? should be an O(1) quantity — let’s check
for our example (B = 10, ¢ = 0.2):
Aexp(-B) 866021exp(-10)

\ . =0.393 OK
B 10
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Euler vs 4t-order Runge-Kutta USCViterbi

School of Engineering

For a 1st order ODE of the form 62—2: =F ()?,f ), define at location X :
X

. Pk Pk .
kl:F(f,T)Af;kz:F[ﬂﬂ,ﬂ—‘]mﬁ@=F(f+ﬂ,r+—2JM;k4:F(f+Af,T+k3)A£
2 2

2 2
N S . . o dT| .
Then 7| =T| +—(k+2k,+2k,+k,) vs. T|_ =T| +k=T| += A% (Euler)
I+AY 6 I+AY X ¥oodx B
1.2 g
xEuler 2004
1
= *Runge o %0
o8} o
B o¥ Euler unstable for
(V] .
!

206 large time steps! -
Q .x Yo+hky/2 3
804} . g . "
§ Oy —:Z(l—T)exp —

0.2 | o di T(1-¢)+e

j Z=1,E=2,6=02,Ar=15 o Wiz e
03 . : .
0 500 1000 1500 2000

Scaled time (1)
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Euler vs 4th-order Runge-Kutta USCViterbi

School of Engincering

~2

a’T _~dT L
For a 2nd order ODE of the form p =F|x,T 7| define at location X :
X

j3=F X+

e em o, dT
J,=F| X+ AT +k,—

dT

ar ar
dx

dx

_df

i

I+AX

1
+g(jl+2j2+2j3+j4) VS. +j, (Euler)

I+AX dx X X

| . _
=17, +g(k] +2k, +2k,+k,) vs. T|=T| +k (Euler)

I+AX
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1D laminar premixed flame — Runge-Kuttq>C Viterbi
2 T 7 7 a—
d£=F )?,f,d—Y: =d—]:—A(1—T~)exp ~7ﬁ
dx dx dx T(l - 8) +&
» Similar to Euler for small Ax but VERY different for larger Ax
1.2 2
dT/dt x=0=0.001 |18
P ) A (Euler) | A (Runge) ’
0.015 | 896439 868026 P ’ {1 1.6
0.1 1095465 868059 14
£0.8 ’ -
128
£ 8
T 0.6 1 §’
@ —T
g_ emperature 085
204 Reaction rate ; 06
¢ '
¢
02} S 04
‘_I_'_,—l—'"'fr/ﬂ..l 02
0 : . . . 0
0 2 4 6 8 10 12
Distance (x)
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Deflagrations - burning velocity USClViterbi

School of Engincering

» Approximate closed-form analytical solution for 1st-order reaction
(Zeldovich, 1940)

g - 2LeaZexp(—[3)' _E T
L ﬂ(l—e) P € E

ad

T,q = adiabatic flame temperature; T., = ambient temperature

» Note still in the form S, ~ (aw)'2, where o ~ Ze# is an overall
reaction rate (units 1/time)

» Note also that we can treat the reaction zone as source of thermal
energy and sink of reactants according to

ar| _ dr| (T,-T)_  (T,-T)_  (T,-T)N2LeaZe? _ T, [2Leze”
dx| . dx| ) als, o Ba-¢) B o
dy dy Y Y Y ~N2LeaZe ™ Y ILe |2Leze™®
and —| —— =+=Lle=+—"—Le=+"=——""—Le=+—
dx| . dx|_, 1) als, a PB-¢) p-¢) o
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Deflagrations - burning velocity USCViterbi

» More rigorous analysis (Bush & Fendell, 1970) using Matched
Asymptotic Expansions
» Convective-diffusive (CD) zone (no reaction) of thickness &
» Reactive-diffusive (RD) zone (no convection) of thickness 6/p(1-¢)
where 1/[B(1-¢)] is a small parameter
> T(x) = To(x) + Ta(x)/[B(1-e)] + To(x)/[B(1-€)]*+ ...
» Collect terms of same order in small parameter
» Match T & dT/dx at all orders of B(1-¢) where CD & RD zones meet

2Le aZe? —3(1- T
S _\2Leaze (1+1.344 3(1 e)].ﬁ= E i

“Tp-e) pi-e) )7 w1, 71,
» Still same form as simple estimate (S, ~ (aw)'2, where ® ~ Ze*# is
an overall reaction rate, units 1/s), with additional constants
» Again 32 term on reaction rate
» Reaction doesn’t occur over whole flame thickness 8, only in thin zone
of thickness &/
> Reactant concentration isn’t at ambient value Y;., it's at 1/ of this

since temperature is within 1/B of T
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Deflagrations - burning velocity USCYiterbi

» What if not a single reactant, or not 1st order reaction, or Le # 1?
Mitani (1980) extended Bush & Fendell for reaction of the form
V,A+V,B— products;» = ZY,"Y," exp(-E, | RT)
where A is the deficient reactant, e.g. fuel in a lean mixture,
resulting in

vy 172

vi(vs/va)" 11

SL = 2aZe_ﬂYX;+v'f_] Va+vg+l -v, -V,
(B1-¢)) Le,™ Ley™

G= fy” (y+a)” e dy; a=p(-e)p-1)/Le,; ¢ =equivalence ratio

> Recall order of reaction (n) = vat vg

» Still same form as simple estimate, but now B-("" term since n
may be something other than 1 (as Bush & Fendell assumed)

» Also have Le,¥» and Leg™B terms — why? For fixed thermal
diffusivity (a), for higher Le,, D4 is smaller, gradient of Y, must be
larger to match with T profile, so concentration of A is higher in
reaction zone
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Sidebar: calculating Lewis numbers USCViterbi

School of Engineering

» Lewis number (Le) is the ratio of the thermal diffusivity of the entire
mixture (since heat is conducted through the entire mixture) to the
mass diffusivity of the reactant of interest into the entire mixture

» Example: lean (¢ = 0.5) CH,-air mixture: 0.25 CH, /1 O,/ 3.77 N,.

> From CSU website: at 1 atm, 300K, Dgpy = 0.23068 cm?/s (called
"Mixture Diffusivity”)

> Thermal diffusivity of the entire mixture (a) = 0.22438 cm?/s) (called
“Mixture Thermal Diffusivity")

> Lecns = 0.22438/0.23068 = 0.9727
» For non-premixed flames, if you have pure fuel or O, on one side,
you can't calculate Le since you need = 2 species to have a D, but
there are products (CO, and H,0) diffusing towards the reactant
boundaries, so include a small amount of stoichiometric products
(e.g. 1% CO, and 2% H,O if CH, is the fuel) with the reactants to
obtaina D
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1D premixed flame - stretched USClViterbi

School of Engincering

» Mass + momentum conservation, 2D, const. density (p)
du. ou du 14P (&zu 7 u
X u x u i X 4

X —

tu —S+u —*
a  Tox Ydy pox

Py ay;) (x momentum)

_y+u b4

u._ ou_ du 1 gP u Ju
L + S (y momentum)

— Ly L= +

gt “ox Yy pdy ax’ 9y
aJ , .
ou +—2=0 (mass conservation)
ax dy

(u,, u, = velocity components in x, y directions)
admit an exact, steady (d/dt = 0) solution which is the same with or
without viscosity (!!):
u =2x,u =-2y,P= _g(xz +y2) ¥ = rate of strain (units s')
X y 2
» Similar result in 2D axisymmetric (r, z) geometry:
u, =-2r/2, u, =2z

Very simple flow characterized by a single parameter X, easily

implemented experimentally using counter-flowing round jets...
AME 513b - Spring 2020 - Lecture 4 - Analytical/Numerical Methods |
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1D premixed flame - stretched USCViterbi

School of Engineering

» Instead of pu = constant as in plane flame, u = -Zx

2 o m 2
dar_ Kk 4T _ 47, sees pZCili—T—kZ

dx pC, dx* pC
_ Xxdl | d'T _ pQRZYFeXp(i)_

= ZY,
pa.000[5E)

o dv | dv k RT )
. X SxN2a/2 dr 12a/2d°T _ pQ,ZY, (—E)
Letx = = 5 exp| =—
Pals  2a\2als dx T 220/ dx 2k RT
4T 1 d72" _apQZY, exp( -E )=_QRZYF exp( -E )
di 2 dx 9 RT C,2 RT
_ _ _ ZY -
lofo - _ T Tm=>dT1dT _F—wQRiep(_E)
Y,.0,/C, T,-T, di 2dv  C,(T,-T.)%Y,. RT

~dT 1d&*T 7 - E VA E AR _E
el % “Z(1-T “Z(1-T -
TrE a2 p(ERT) z( )eXp(ERT) 2( )eXp(?RT)

AT 14T B
=-Da(l-T —_—
dx 2 di* a( )CXP( (1 £)+e
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1D premixed flame - stretched USCViterbi

School of Engincering

» In addition to the unstretched flame parameters 3 and ¢, there is a
stretch rate parameter Da = Z/%

» Need to determine Da at extinction and effect of Da on burning
velocity S, relative to unstretched value S, , up to extinction limit:

Recall ¥ = al ,Da= 4
N2o /2 z

At flame location: S, =—u= —(—Zx )— X 2_05 =X N20Z oaZ f‘/

"R ! N's ! [Da

=S, =207 —~
N Da
kZ \/7 X
Also A=s———= JaZ =—L =42A o
prPSZ,U SZ,D

» Hot boundary condition: by symmetry, dT/dx =0atx =0
» Solution method: pick Da, find T at x = 0 that satisfies cold
boundary condition: T = 0 as x = « (in practice reverse is easier!)
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USC Viterbi

School of Engineering

1D premixed flame - stretched

» Determine Da at extinction and effect of Da on burning velocity
up to extinction limit

> Why doesn’t S,/S_, 2 1 as Da - «? Flame location defined as
location of maximum reaction rate, which can’t be at T = 1 since
there’s no fuel there! {max. rate near (1 — 1/B)}

1.2 25 1.20
; ‘,“‘ ——Temperature 1.00
1 = ==Reaction rate 2
\
. 0.80
® o
g_ § 060
g 1 3 —-T(x=0)
F 3 0.40 —a-Flamelocation
—-SL/SL,0
0.5 0.20
0.00 a2 ,
0 p > 3 ° 1.0E+06 2.0E+06 3.0E+06 4.0E+06
Distance (x) Damkohler number (Da)
B=10,£=0.2
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1D premixed flame - stretched USCVlterbl

» Recall stretched non premixed flame —outside of reaction zone
_dT 1d°T
X—+— =

dx 2 d¥?
Boundary conditions for source at ¥ =0 are ¥=0:7 = f”o;i —o0:T=0

=G =70 =T 5 7(3)= 1 [1-af (7]

0=T(%)=Cerf(x)+C,

1.2 2.5
- Temperature
1 '\‘ - =Source atx =0 2
===Reaction rate
Los Y
2 1.5 g
© -
© 0.6 °
Q. =}
£ 1 3
|¢_’ 0.4 s
0.2 0.5
0 2 0
0 1 2 3

Distance (x)
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Flames in spherical geometry USCViterbi

» Assumptions: 1D spherical; ideal gases; adiabatic (except for
possible ignition source Q(r,t) to be employed later); 1 limiting
reactant (call it “fuel”); 1-step overall reaction; pD, k, Cp, etc.
constant; low Mach #; no body forces

» Governing equations for mass, energy & species
conservations (Yg = limiting reactant mass fraction; Qg = its

heating value)

8p (
ot ré’

aT Jd k d( ,dT E
C —+pC — uT )= Y.Z
pC, =+ pC, ——(r’ul) [ j+pQ exp(wj

pu) 0; ideal gas with P = constant = pT = p T = constant

”28 P2 or\ or

Y, 10 pD d( ,dy E
Y. |=—5— YZ
P +pur ar ( ) r &r[r 87’) Pl eXp[SKT]
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Flames in spherical geometry USCVlterbl
» Non-dimensionalize (recall T,y = T.. + Y.Qgr/Cp)
. T e’z u E
T=——;t=te?Z;R= U= B=
T, ¢ ' a \/ZOle_[j P EKTad
L fe Y, Lo k g=_ 00D
T, Y. pC,D p.CT e’z

leads to, for mass, energy and species conservation

9(1/f)+Li(Rz UJzO
T

or R* IR

‘9—T+URli(R2f)= ZLi(Rzg—ZJ+(1—£)?exp{—ﬁ[%—1]:|+Q(R,r)7~’

)4 1 /., 1T1 9 zaf' - 1
A U—2(RF)=— " 2| RRZE | Fexp| -B| = -1
o " RZaR( )= LestaR( aRJ GXP{ B[T ﬂ

AME 513b - Spring 2020 - Lecture 4 - Analytical/Numerical Methods |

°22



Flames in spherical geometry USCViterbi

> Initial & boundary conditions
> Initial condition: T =T., Yg = Yg., U = 0 everywhere)

T(R,0)=¢&;Y(R,0)=1;U(R,0)=0 forall R

» Atinfinite radius, T = T., ¥ = y.,U = 0 for all times)
T(R,7)=¢&Y(R,7)=LU(R,7)=0asR — oo
» Symmetry condition at r = 0 for all times

%:%:%:O atR=0 and asR — =

AME 513b - Spring 2020 - Lecture 4 - Analytical/Numerical Methods |
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Flames in spherical geometry USCVlterbl

» Special case: steady (?) solutions with reaction confined to a thin
zone (large B) at (unknown) R = R* with (unknown) temperature T*

Rlz jR [R j =0=U =0 (zero convection velocity everywhere)

:%%%(R nge] (1 S)Yexp[ ﬁ(l 1]} (energy eqn.; steady, U = 0)

T 1 T
Outside reaction zone: ——zi R? 29
£ R IR JR

2

] O:T(R)—% C

T=T atR=R and T=¢atR=co=T(R)=£ +(I" —g)% % =—TR_,"3

and 0= LZii(Rz ﬂj— Yexp|:—/3[%— lﬂ (reactant eqn.)

Outside reaction zone: Lz%i R? aY
Le e R* JR JR

] O:Y(R)—% +C,

R dY
RdR

1

R

Y=0atR=R and Y =1atR=oco= ¥Y(R)=

AME 513b - Spring 2020 - Lecture 4 - AnalytlcaI/NumericaI Methods |
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Flames in spherical geometry USCVlterbl

» Matching at R = R*

=CP(Tad T)pDAdY
Y, dr|,

—kA—]

(Tad_Tw) pCPDd_?
T k dR|,_,

R=R" d
- - T —-T

|{-T ,g ——1 gi:>T —e+—1 £ orT" =T, Y
R Le R Le Le

» This is a flame ball solution - note forLe <> 1, T"> < T_q; forLe =1,

T = Tag
> For adiabatic flames (as here) R* = R; is called the Zeldovich radius

» Generally unstable
» R < Rz shrinks and extinguishes
» R >Ry expands and develops into steady flame
» R, related to requirement for initiation of steady flame - expect E;, ~
R,?
.. but stable for a few carefully (or accidentally) chosen mixtures
AME 513b - Spring 2020 - Lecture 4 - Analytical/Numerical Methods |
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Steady spherical flames (?!?) USCVlterbl
B(1-¢) |a /5' _E

., ,2LeZe’ﬁ
B o
Le \2Lez RT

B ID recall § = Sﬁ ~ 2Le oz xp(ﬁj

or R —iex — 1—
TP 2\ T TS

=0; recall ﬂ
X

_dr
dx

x=0+

f*—e.d_f
R "dR|,_

ar
dR

x=0—

R=R'+

=R, =
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Steady spherical flames (?!?) USCViterbi

School of Engineerin

» How can a spherical flame not propagate???

Fuel & oxygen __products
diffuse inward diffuse outward

Space experiments show ~ 1 cm

diameter flame balls possible

Movie: 500 sec elapsed time

6.75% Hy — 13.5% O, — 79.75% SFg, 1 atm
Ler = 0.06

Field of view 30 cm x 22 cm
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T ¢ C~1-1/r [ ]
‘emperature [ ]
T.- \ ° 1 B
::': R ]
Fuel concentration E;-'T 0.8 :_ Flame ball _:
T~1 Er [ ]
- 27 o6 Propagating flame ]
————————————————— 3 B [ (&/r =1/10) ]
Nk - ]
S 04l E
Interior filled - b 1
with combustion . 5 [ ]
products Reaction zone 2 02 [ .
oL 1 1 N
0.1 1 10 100
/ Radius / Radius of flame
Heat &
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